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Abstract. Let R be a commutative ring that is free of rank k as an abelian 
group, p a prime, and SL(n, R) the special linear group. We show that the Lie 
algebra associated to the filtration of SL(n, R) by p-congruence subgroups is 
isomorphic to the tensor product sln{R ®i ^/p) ^Fp tlfpMi the Lie algebra of 
polynomials with zero constant term and coefficients n X n traceless matrices 
with entries polynomials in k variables over ¥p. 

We use the Lie algebra structure along with the Lyndon-Hochschild-Serre 
spectral sequence to compute the d? homology differential for certain central 
extensions involving quotients of p-congruence subgroups. We also use the 
underlying group structure to obtain several homological results. For exam- 
ple, we compute the first homology group of the level p-congruence subgroup 
for n > 3. We show that the cohomology groups of the level p'"-congruence 
subgroup are not finitely generated for n = 2 and R = Finally, we show 

that for n = 2 and R = the Gaussian integers, the second cohomology 

group of the level p'"-congruence subgroup has dimension at least two as an 
Fp-vector space. 



1. Introduction 

The method of constructing a Lie algebra from a filtered group is classical (a 
thorough exposition is found in [Ej), and congruence subgroups have been widely 
studied for many years by mathematicians such as Bass, Milnor, and Serre [I], 
among others. Linear groups over commutative rings admit natural filtrations by 
p-congruence subgroups, i.e., subgroups consisting of matrices that reduce to the 
identity modulo powers of p. Thus, we are able to construct an associated Lie alge- 
bra, and the structure of this Lie algebra encodes homological information, as well 
as information concerning the structure of certain central extensions involving quo- 
tients of congruence subgroups. It should be noted that filtrations of this type, i.e., 
filtrations of linear groups by p-congruence subgroups, appear in linearity problems 
of groups ([4] and [T6]). 

We start with a commutative ring R that is free of rank fc as a Z-module (unless 
otherwise stated, we allow k to be infinite). Let Gn{R) be an n x n matrix group 
with coefficients in R. In this paper, assume G'„(i?) = SL{n,R) unless otherwise 
stated. Examples involving other linear groups will appear in [IS] . For a prime p, 
there is a filtration 

(1.1) • • • c r{Gn{R),pl c • ■ • c r(G„(i?),p2) c r(G„(i?),p) 

where 

r(G„(i?),/) = ker(G„(i?) G„(i? 0z W)). 
1 
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Classically, there is a Lie algebra 

gr,(r(G„(i?),p)) = 0r(G„(i?),p'^)/r(G„(i?),p'-+i) 

r>l 

associated to filtration in which the Lie bracket 

[-, -] : gr,(r(G„(i?),p)) <E>r, gr,(r(G„(i?),p)) ^ gr,(r(G„(i?),p)) 

is induced by the group commutator map. Our main results include an explicit 
description of the structure of the Lie algebra gr,(r(G„(i?),_p) for the case G„(i?) ~ 
SL{n,R), as well as the following theorem. 

Theorem 1 (j2.4p . Let g = sln{R®i,'Z/p) and let £ be the kernel of the evaluation 
map g '^p[t] — > Q, where the map sends t n> 0. Then 

£-gr,(r(G„(i?),p)) 

as Lie algebras. 

We also explore the group structure of the filtration quotients for filtration 
(jl.ip . We make use of this when computing the structure of the Lie algebra 
gr^(r(G„(i?),p)), and also in the proof of Theorem[T] Our main results concerning 
the filtration quotients are as follows, where V = is a Z-basis for R. 

Theorem 2 (fOl andlSTf]). Forn>2 and r>l, 

r(G„(i?),p'-)/r(G„(i?),p'-+i) - ¥,[v]. 

Moreover, 

r(G(i?),p'-)/r(G(i?),p'-+i) - siMv]). 

The next corollary is a direct application of this theorem and a result of Bass- 
Milnor-Serre [1]. 

Corollary 3 (fB^]) . For n>3, 

Hi{T{G„{R),p);Z) ^ sln{¥p[V])- 

Finally, we use the structure of the Lie algebra gr^(r(G„(i?),p)) to obtain some 
homological information concerning congruence subgroups. The Lie algebra struc- 
ture can be used to explicitly compute the d^ homology differential in the Lyndon- 
Hochschild-Serre spectral sequence for certain central extensions involving quotients 
of p-congruence subgroups. More specifically, suppose one has a central extension 

where we have used the convention that F,, = F(G„(i?),p^). Furthermore, suppose 
that defining a map : F[x, y] — > Tr/Tr+s induces a map of extensions 

1 > K > F[x,y] > Z©Z > 1 

1' 1' 1' 

1 > Fj.+ s-l/F.r+s > Vr/Vr+s > /^r+s-l > 1 

where F[x,y\ is the free group on two generators. In many cases, the Lie algebra 
structure can be used to explicitly compute d^, thus informing on Hi{Trl^r+s)- 
The main result concerning this is the following. 
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Theorem 4 ()7.2p . Let x be the generator of H2{Z © Z) = Z. Given the map of 
extensions 9 described above, 

We are also able to obtain some cohomological information by examining certain 
subgroups of r(G„(i?),p'"). For the case n = 2 and R = 1\t], we are able to produce 
a subgroup ®j>o Z C V{G2{R),p^), from which we are able to prove the following 
result. 

Theorem 5 (|5.1|) . Suppose R = Z[t]. For all j,r > 1 and for all primes p, 

w{r{G2{R),pn;^p) 

is infinitely generated. 

For the case n = 2 and R ^'L[i], we construct a map 

(Z © Z) * (Z ffi Z) ^ T{G2{R),p''). 

Using this, we are able to prove the following theorem. In particular, this confirms 
that the level ^''-congruence subgroup for S'L(2,Z[i]) is not free for any r > 1. 

Theorem 6 (|6.ip . Suppose R = Z[i]. For all r > 1 and for all primes p, 

i/2(r(G2(i?),p'');Fp) DFp©Fp. 

Acknowledgments. The author would like to thank Fred Cohen, not only for sug- 
gesting many of the problems discussed in this paper, but also for countless con- 
versations concerning these and many other related topics over the past several 
years. The author would also like to thank Stratos Prassidis for helpful suggestions 
concerning the layout of this paper, as well as several discussions concerning its 
content. 

2. Preliminaries 

We now collect the notation that will be used throughout this paper: i? is a 
commutative ring that is free of rank k as an abelian group; V — {vi}i^i is a Z- 
basis for R; G,i(i?) is an n x ti matrix group with coefficients in i?; p is a prime; 
and r(G„(i?),p'') is the kernel of the natural reduction map 

G„(i?) ^G„(i?©z Z/p'-). 

The following is a classical result (see, for example, [7]): 

Theorem 2.1. There is a Lie algebra gr^(r(G„(i?),p)) associated to the filtration 

(2.1) • • • c r(G„(i?),p^) c . . . c r(G„(i?),p2) c r(G„(i?),p) 

in which the Lie bracket is induced by the commutator map 

h, H : r(G„(i?),p'-) X r(G„(i?),p^) r(G„(i?),p'^+^). 

As one of the main results of this paper will be describing the construction and 
structure of this Lie algebra for the special linear group, it may be worthwhile to 
first consider an elementary case (n = 2, i? = Z) in order to explicitly see the full 
computation of the Lie algebra structure. 
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Theorem 2.2. Suppose n =^ 2 and R = Z, so that Gn{R) = 52.(2, Z). Forr>l, 
consider the following matrices: 

r/ie Lie algebra gr^(r(G„(i?),p)) is generated (as a restricted Lie algebra overWp) 
by the three matrices Ai2^i, ^21,1, and ^11,1. Furthermore, the following relations 
are satisfied for all r, s > 1 ; 

(1) [Au.r,Ai2,s]=Al^^^^^ 

(2) [^ii,,,^21,s] =^2~M-+s 

(3) [Ai2^r, A21^s] — Aii^r+s 

(4) Af^., = A,,,.+i. 

One feature of the Lie algebra gr^(r(G'„(i?),p)) is the fact that it is finitely gen- 
erated as a restricted Lie algebra whenever fc < 00. This is suggested by Theorem 
12.21 for the case n = 2, and is, in fact, true for all n > 2. 

We now provide a description of the Lie algebra £ introduced in Theorem [1] 
Recall that sI„(Fp[T^]) is the Lie algebra of n x n trace zero matrices over Fp[y], 
where the Lie bracket is defined by 

[A, B]^AB- BA 

for A,B^ s[„(Fp[y]). Let ¥p[t] be the polynomial ring in one indeterminate over 
Fp. Let / denote the kernel of the evaluation map ¥p[t] — > ¥p that sends t 0. 
Notice that / is the Fp-linear span of > 0}. 
Writing g = s[„(Fp[y]), consider the Lie algebra 

£ = fl ®Fp I, 

where the Lie bracket is defined by 

[A ®t\B® t^] = [A, B] ® f+'J = [AB - BA) ® 
for A, B e Q. The evaluation map t induces a morphism of Lie algebras 

3 <8)Fp ¥p[t] — > g 

whose kernel is exactly £. 

Lemma 2.3. The split short exact sequence of abelian groups 

— > I — > ¥p[t] — >¥p — >0 

gives rise to a split short exact sequence of Lie algebras 

^ £ ^ ¥p[t\ ^0^0. 

Proof. The splitting Fp — 5- ¥p[t\ in the first short exact sequence is given by the 
inclusion map x ^ x. 

Since the tensor product is taken over the field Fp, the fact that 

^ £ ^ 5 ¥p[t] -^0—^0 

is exact is immediate. The map g — > g ¥p\t\ defined hy x ^ x ®t'^ gives the 
splitting. In fact, since [x, y] n- [a;, y]®t^ = [x® t^, y®t°], the sequence is split as 
Lie algebras. □ 
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Theorem 2.4. Let g = sUi{¥p[V]) and let £ be the kernel of the evaluation map 
(E)¥j, ^p[t] — > Q, where the map sends t t-^ 0. Then 

£^gr,(r(G„(i?),p)) 

as Lie algebras. 

An immediate application of Theorem l2.4l is the computation of the Lie algebra 
homology of gr,(r(G'„(i?),p)). Let (t^) denote the F p-span of t^ . 

Corollary 2.5. Let g = sln(¥p[V]) as above. Then 

Hi{gr,{T{GjR),p))) = (fl (i))® (0i?i(fl) <E>w, {t')). 

i>2 

The proof of Theorem 12.41 is included in Section [TOl We first need some basic 
results concerning the group structure of the filtration quotients for the filtration 
of r(G„(i?),p) defined in and ([2T|) . 

3. The structure of the filtration quotients for T{Gn{R),p) 

The following theorem is due to Lee and Szczarba |14) . 

Theorem 3.1. Let Gn{R) — SL{n,'Z,) and suppose n > 3. There is an epimor- 
phism 

ip:T{G„{R),p) ^slaiWp) 
whose kernel is the commutator subgroup. Thus, iJi(r(G'„(-R),p); Z) = s[,i(Fp). 

In fact, this result can be generalized. Namely, this result can be applied to the 
level ^''-congruence subgroup and to coefficient rings other than Z. 

Theorem 3.2. Suppose n > 2 and r > 1. For Gn{R) ~ SL{n,R), there is an 
epimorphism 

ipr : T{Gn{R),p'') ^sla{¥p[V]) 

whose kernel is r(G„(i?),p''+^). Thus, 

T{Gn{R),f)/T{Gn{R)y+^) = s[„(Fp[F]). 

The proof of this theorem will be included in Section[8l An immediate application 
of Theorem 13.21 is the following corollary, which uses a result of Bass-Milnor-Serre 

Hi- 
Corollary 3.3. Forn > 3, r(G„(i?),p2) ^ [r(G„(i?),p),r(G„(i?),p)]. In partic- 
ular, 

iIi(r(G„(i?),p);Z) =sl„(Fp[F]). 

Proof. That r(G„(i?),p2) d [r(G„(i?),p), r(G„(i?),p)] follows from the fact that 
filtration ()2.ip is Lie-like, as will be proved in Lemma [4.31 

Let eij denote the nxn matrix with a 1 in the (i, j) position and zeros elsewhere. 
Let E{Gn{R),P^) be the normal subgroup of r(G„(i?),p'') generated by matrices 
of the form 1 -|- ae^ , where i ^ j, 1 denotes the identity matrix, a € R, and a = 
mod p. By the work of Bass-Milnor-Serre [1], we have r(G„(i?),p'') = E{Gn{R),p') 
and 

E{Gr,{R)y+') C [E{G^{R)y),E{G^{R),p')] 

for n > 3. Thus, 

r(G„(i?),/) c [E{Gn{R),p),E{Gn{R),p)] c [r(G„(i?),p),r(G„(i?),p)]. 
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Then by Theorem[321 i?i(r(G„(i?),p); Z) ^ s[„(Fp[V"]). □ 

Next, we provide an alternate description of the filtration quotients that we use 
to describe the structure of the Lie algebra gr^(r(G„(i?),p)). We make use of the 
following fact, whose proof we include for completeness. 

Lemma 3.4. Let p be a prime and suppose A = {aij) £ Mat(n, R). For r >1, 

det(l = (1 +p''trace(A)) mod 

In particular, i/dct(l + pi'' A) = 1 mod p^'^^ , it must he the case that 

trace(j4) = mod p, 

i.e., a„„ EE -(an H ha„_i^„_i) mod p. 

Proof. The proof is by induction on n. For n = 2, suppose 



p'"a2i l+_p''a22 



where aij 6 R. Then 



det(l + p'^'A) = 1 + p''(aii + 022) + ^^''(011022 - 012021) 

= (1 +p''(aii + 022)) modp''+-^. 

If det(l +p''A) = 1 mod p''^^, it must be the case that trace(A) = mod p. This 
proves the claim for the case n = 2. 

Suppose n — 1 and smaller cases have been proved and 1 +p^A e Mat(n, i?). 
Let Aij be the (rt — 1) x — matrix obtained by removing the z*^ row and j*"^ 
column from A = {oij). By induction, we can write 

n 

det(l +pM) = (1 + p'-flii) det(iii) J2 (-l)'^'ai, det(iij) 
= [(1 + p''aii)(l + p''(a22 + • • • + a„„)) 

71 

+ p''J2 det(iij)] mod p''+\ 

Notice that each of Aij for 2 < j < n is an (n — 1) x (n — 1) matrix whose first 
column is 

f ^'^021^ 

If we use the cofactor expansion on this column to compute the determinant of Aij, 
it's clear that det{Aij) = mod p^ for 2 < j < n. Using this above, we see that 

det(l +p''A) = (1 +]3''trace(A)) mod 

If det(l +p''^) = 1 mod it must be the case that trace(v4) = mod p. This 

completes the proof of the Lemma. □ 
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Theorem 3.5. For r > s > 1, 

r(G„(i?),/)/r(G„(i?),/+^) - z/p^z[v]. 

71^-1 

The proof is by induction on s. For the sake of continuity, we prove the case 
s = 1 in the next lemma, and complete the induction in Section [HI We first state a 
corollary that follows directly from Theorem 13.51 



Corollary 3.6. For all primes p, 

iimr(G„(i?),p^)/r(G„(i?),p2«) = Zp[y], 

where Zp denotes the p-adic integers. 

Proof. Follows immediately from Theorem 133] and the fact that inverse limits com- 
mute with direct sums. □ 

Lemma 3.7. For r > 1, 

r(G„(i?),p^)/r(G„(i?),p'-+i) = ¥p[v], 

n2_i 

where V is a "L-basis for R. 

Proof. Consider the following commutative diagram 

r(G„(i?),p'-+i) r(G„(i?),p'-+i) > {1} 



r(G„(i?),pO > SL{n,R) SL{n,R®^Z/p'-) 

Id 

VevOr > SL{n,R(g)zZ/p'-+^) ) SL{n, R(3z^/p'') 

where (j)r, (f'r+i, and 6r are the natural reduction maps and (j)^ = 9r o (t>r+i- In |18j . 
it is shown that reduction maps such as 0,-, (t>r+i, and 0,- are surjections. Given this, 
it's immediate that the three rows and two right columns are exact. A standard 
"diagram chase" can be used to show that the first column is exact. This gives 

keY0r = r(G„(i?),p'-)/r(G„(i?),p'-+i). 

The reader should note that this isomorphism allows us to view 

r(G„(i?),p'-)/r(G„(i?),p'-+i) C 5L(n,i?®z z/p'-+i). 

This will prove to be a useful fact later in this paper. 

A priori, an element of ker6'r is a matrix of the form 1 +p'^A where A = (oij) G 
Mat(n,i?) and det(l = 1 modp'^+i. Since 1 e S'L(n,i?(^z Z/p'^+i), 
we can assume A £ Mat(n, R ®i Z/p). 

Define a map $ : 0„2_i ¥p\V] — > hdiOr by 

(flu, . . . , ain, 021, ■ ■ ■ , 0'2n, ■ ■ ■ , ftnl, . . . , a„ 

,n— 1 

where a„„ — —(an + 022 + • • • + a„_i^„_i). By Lemma 13.41 we see immediately 
that $ is surjective. By inspection, the kernel is trivial, so that $ is a bijection. 
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To check that $ is a homomorphism, notice that 

= l+p''{A + B) niodp''+^ 
Thus, $ is the required isomorphism. This completes the proof. □ 

This lemma has several immediate consequences. Recall that V ~ {vi}iei is a 
Z-basis for R. For r > 1, 1 < i, j < n, and i + j < 2n, define a family of matrices 

by 

''^ 1 1 + p'^Vkicti - e„„) if i = j, 
where the matrices {eij} are as defined in the proof of Corollary 13.31 

Corollary 3.8. Forr > 1, r(G„(i?),p'')/r(G'„(i?),p''+i) is generated by the family 
of matrices {Aij ^^r} defined above. 

Remark. It's clear that det{Aij^k,r) = 1 for z 7^ j. When i = j, notice that 

det{Au^k,r) = (1 -/wfe) = 1 -/''wfe = 1 mod/+\ 

Since r(G„(i?),p'')/r(G„(i?),p''+i) C SL{n, R/p''+'^R), this suffices. 

4. The Lie algebra associated to SL{n, R) 

We begin with some preliminary definitions concerning the existing of the as- 
sociated Lie algebra, and then describe its structure completely. The following 
definition is stated as in 

Definition 4.1. A filtration {Fn{G)}n>o of the group G is said to be Lie-like if, 
for all m,n > 0, the commutator map 

[-,-]: GxG^G 

given by [g, h] H> g~^h~^gh restricts to a map 

[-,-]: F^{G) X F„(G) F^+^{G). 

The next theorem is classical and can be found in [T^, for example. The theo- 
rem gives a general procedure for constructing a Lie algebra from a filtered group 
whenever the filtration is Lie-like. 

Theorem 4.2. Given a Lie-like filtration for the group G, there is an associated 
Lie algebra 

gr*(G) = 0F„(G)/F„+i(G). 

n>l 

The Lie bracket is obtained by linearly extending the maps 

[-,-] : FniG)/Fn+iiG) X F„,(G)/F„+i(G) i^,„+„(G)/F,„+„+i(G) 
that are induced by the restriction of the commutator map. 

Remark. Note that these Lie algebras are not, in general, graded Lie algebras. In 
other words, it's not necessarily true that [x,y] = (— l)l^ll*'l[j/,x], and the graded 
Jacobi identity need not be satisfied. 

Next we verify that the filtration of r(G„(i?),p) given by (|2.1|) is, in fact. Lie-like. 
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Lemma 4.3. Suppose that X e r(G„(i?),p'') and Y e r(G'„(i?),p"). Then 
[X,Y] € T{GniR), where [X,Y] = X-^Y-^XY is the group commutator. 

Proof. We can write X = 1 + p^A and Y = 1 + p^B for some matrices A, B G 
Mat(n,i?). Then 

OC OO 

= Y,{-p^ArY.^-fBy^l+p^A){l+fB) 

i=Q j=0 

= 1 + p^'+'iAB - BA) + p^'+'+^C 
where C G Mat(n, R) is some combination of A and B. Thus, 

[X,Y](^T{Gn{R)y^% 
as desired. □ 

By Theorem 14.21 we have an associated Lie algebra 

gT,{v{G{R),p)) = 0r„(G(i?),p'-)/r(G„(i?),p'^+^) 

in which the Lie bracket is induced by the restriction of the commutator map. In 
the next corollary, we use the notation = T{Gn{R),P^)- 

Corollary 4.4. The commutator map 

[-, -] : r(G„(i?),p'-) X r(G„(i?),p^) ^ r(G„(i?),p'-+^) 

extends to a well-defined map on the filtration quotients 

[— , — ] : r,r/r.r_|_i X r^/r^+i > '^r+sl^r+s+l- 

The Lie bracket 

[-, -] : gr,(r(G„(i?),p)) gr,(r(G„(i?),p)) gr jr(G„(i?),p)) 
is obtained by extending these maps linearly. 

Proof. This follows immediately from the proof of Lemma 14.31 and |17j . □ 

The next result will be used to describe gr^(r(G„(i?),p)) as a restricted Lie 
algebra. Recall that r(G„(i?),p'')/r(G„(i?),p''+^) is generated by the family of 
matrices {Aij^j^ ^} defined in Corollarv l3.8l 

Proposition 4.5. The Frobenius map 

r(G„(i?),p'-)~^r(G„(i?),p'-+i) 

defined by Aij_k.r ^ (^ij,fc,r)^ induces a map 

: r(G„(i?),p'-)/r(G„(i?),p'-+i) r(G„(i?),p'-+i)/r(G„(i?),p'-+2). 

This map is an isomorphism, except in the case p — 2, r — \. Furthermore, 
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Proof. Assume that p ^ 2 or r > I. 

A typical element of T{G„{R),p'')/T{Gn{R),p''+^) is of the form 1 + p^'A where 
A G Mat(n,i?). In the proof of Lemma [X71 it was noted that 

r(G„(i?),p'-)/r(G„(i?),p'-+i) C SLin,R/p^+'R), 

so we can assume that A G Ma,t{n, R/pR). To see that the image of tp^ lies in 
r(G„(i?),p''+i)/r(G„(i?),p'^+2), notice that 

tpPil + p'-A) = 



j=0 ^ ^ 

= {l+p''+^A) modp''+2. 

To check that tpP is a homomorphism, consider two elements 1 +p^A, 1 +p^B G 
r(G„(i?),p'-)/r(G„(i?),p'^+i). Then 

VAa+p^A)il+p'-B)) = + B)) 

= {l+p'^iA + B))P 
= {1 + p^'+^A + B)) modp''+2 
= modj5'^+2 

Thus, is a homomorphism. 

To see that is surjective, we show that it maps onto the generators of 
r(G„(i?),p'^+i)/r(G„(i?),p'-+2). For I ^ j, 



1=0 ^ ^ 



= {l+p^'+'^VkCij) modp''+2 

= Aij^k,r+l- 

For i = j, a similar computation gives the following: 

{Aii^k,rT = (1 +P''vkieii - CnnW 



P 



J 

1=0 ^ 

= (1 +p'^^^Vk {eii - e„„)) mod 

= Aii^k,r+l- 

Thus, 'ip^{Aij^k,r) = Aij^k,r+i and ipP is surjective. 

Finally, suppose that tp^i'^ +p^A) = 1. Then it must be the case that 

p''+^A = modp''+2. 

Since A G Mat{n, R/pR), we conclude that A = mod p. Hence, (1 +p'^A) = 1 
mod and tpP is injective. This completes the proof of the proposition. □ 
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We are now ready to give the structure of the Lie algebra gi ^{T {Gn{R) , p)) , and 
we do so in the next theorem. In our computations, we make use of the fohowing 
weU-known resuhs. 

Lemma 4.6. For the matrices {Cij} defined in the proof of CoroUarii \3.3[ we have 
the following. 

if i = I and j ^ k 
if i ~ k and i ^ I 
if i ^ I and j — k 
otherwise. 



,eki 




Proof. It's clear that the first term, Cijeki, is non-zero only when j — k and the 



second term, Ckietj, 
and CkiCij = etj. 



is non-zero precisely when i ~ I. In these cases, Cijeki 



□ 



In the next theorem, we use the convention that Wg^ga denotes the product Vq-^ Vq^ . 
Theorem 4.7. For the Lie algebra 

gr,(r(G„(i?),p)) =@V{G^{R)y)/T{Gn{R)y+% 



r>l 



the following properties are satisfied. 

(1) For all r > 1, r(G„(i?),p'-)/r(G„(i?),p'-+i) - ®^2_,¥^p[V]. 

(2) For all r > 1, r(G„(i?),pO/r(G„(i?),p'-+i) = s(„(Fp[l/]). 

(3) For all r > 1, ipP{Aij^k,r) = ^ij.fc.r+i; where the matrices {Aij k.r} o,f^ ols 
defined in Corollarv \3.8l 

(4) gr^ (r(G„(i?),p)) is generated as a restricted Lie algebra by the matrices 

(5) The Lie bracket is defined on the generators {Aij_k_r} o.s follows: 



/l-l 


if i = I, j k, i ^ j, k I 


4 ■ ■ , 


if i = I, j = k, i j, k I 


^il,q\q2,r+s 


ifij^l, j = k,ij^j,kjtl 


zn,qiq2,r+3 


ifi = k = l,i^j,j = n 




ifi = k = l,i^j,jytn,i^n 


a2 

nj,qiq2,r + s 


if 3 = k = l, j, i = n 


^'i'j,qiq2^r + s 


if 3 = k = l,iy^j,i^n, j^n 


/l-l 
^n,qiq2,r-^-s 


ifk = l,ij^k, j^k,i^j,j = n 


^nj,qiq2,r + s 


if k = I, i k, j ^ k, i ^ 3 , i = n 




if i = j = I, k I, k = n 


f^'>'>fllQ2,^+s 


if i = j = I, k ^ I, k ^ n, I ^ n 


zn,qiq2,r+s 


if i = j = k, k I, I = n 


■^il,qiq2,r+s 


ifi = j = k, k^l,kytn, l^n 


^^'71'?2i^+s 


ifi = j,k^l, ij^l,iy^k,k = n 


^kn^qiq2 jT-^s 


ifi=j,kj^l, i^l, i^k, l = n 


1 


otherwise. 



Proof. The first four parts of the theorem follow immediately from Lemma 13.71 
Theorem 13.21 Proposition 14.51 and Corollary 13.81 respectively. By Lemma [4.31 we 
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have the foUowing: 



Using Lemma 
theorem. 



n 



if i / j, fc / Z 

1 +p''+^fqit;,2([eij, efcfc] + [e„„, Ei-,]) lii^ j, k = l 

1 +p''+*t)qii',2([eii, efc;] + [efc;, e„„]) if i = j, fc / / 

,1 +p''+^fqiWq2([C"i efcfc] + [enn,Cii] + [cfcfe, e„„]) i ^ j, k ^ I. 



the reader can verify the relations listed in the statement of the 

□ 



5. COHOMOLOGY OF CONGRUENCE SUBGROUPS FOR SL{2,Z[t]) 

Suppose n = 2 and R = Z[t], so that G„(i?) — SL{n,R), where Z[t] is a 
polynomial ring in one variable. For fixed r > 1 and i > 0, consider the matrix 



A, 



1 p't' 
1 



e r(G2(i?),p'-). 



The collection {Ai2^i^r}i>o is a family of pairwise commutative matrices, each 
of infinite order in r(G'2(i?),_p'"). This collection generates a copy of 0j>o ^ ^ 
T{G2{R),p^)- Thus, we have the following diagram 

riG2{R),pn/nG2{R), 




where i is the inclusion map, tt is the natural quotient map, $2^^ is the projection 
onto the second coordinate under the isomorphism defined in the proof of 
Lemma [X71 and / is the composite. Notice that /(Ai2,i,r) = under this mapping. 
We now consider the cases p = 2 and p > 2 separately. 

p — 2. Recall that 

i7*(F2[t];F2) = if*(©,>oF2;F2) ^F2[a;o,a:i,...], 

a polynomial ring in an infinite number of indeterminates of degree 1, where each 
Xi is dual to the image of ^i2,,,r in r(G2(i?), 2'^)/r(G2(i?), 2'-+i). Also, 



H*{(B^>oZ;¥2)=A*{yo,yl,■ 



2), 



an exterior algebra in an infinite number of indeterminates of degree 1 over F2, 
where each yi is dual to Ai2^i^r in r(G2(i?), 2''). 
There are induced maps in cohomology 



i^-''(F2M;F; 




F^'(®,>oZ;F2) 



H^®,>oZ;¥2) 

for which f*{xi) — yi for j = 1- Thus, we see that /* is an epimorphism for j > 1, 
forcing i* to be an epimorphism for j > 1 as well. In this case, i?^ (0j>Q Z; F2) is 
aquotient of i?^ (r(G2(i?), 2''); F2). Since FJ(0^>o Z; F2) is not finitely~generated 
for j > 1, neither is i/J(r(G2(i?), 2''); F2). 
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p> 2. Recall that 

H* (Fp[t] ■,V.p)^H* {®^>oWp■ ¥p)'^K*{xa,xi,...-Wp)® Fp [(ixo , , . . .] , 

the tensor product of an exterior algebra with a polynomial ring. Here, each xi has 
degree 1 and /3 : H^{¥p;¥p) — > H'^{¥p\¥p) is the Bockstein homomorphism. Simi- 
lar to above, each Xi is dual to the image of ^i2,i,r in r(G'2(i?),_p'')/r(G'2(i?),_p'''''^). 
Also, 

77*(©,>oZ;Fp) - A*(zjo,2/i,...;Fp), 

an exterior algebra in an infinite number of indeterminates of degree 1 over Fp, 
where each yi is dual to Ai2.i,r in r(G2(i?),p''). 
There are induced maps in cohomology 

H\¥p[t]-Vp) > W{T{G2(R),f )-,Vp) W{(B,>oZ;¥p) 

i7^(©,>oZ;Fp) 

for which f*{xi) — yi for j — 1- Thus, we see that /* is an epimorphism for j > 1, 
forcing i* to be an epimorphism for j > 1 as well. In this case, i/-' Z; Fp) is 
a quotient of H^r(G2{R),p^);¥p)- Since i/-' (® Z; Fp) is not finitely generated 
for j > 1, neither is {r{G2{R),p^)',¥p)- Thus, we have proved the following 
theorem. 

Theorem 5.1. Suppose R = Z[<]. For all j,r > I and for all primes p, 

W{V{G2{R),pn;^p) 

is infinitely generated. 

6. Cohomology of congruence subgroups for SL{2,Z[i]) 

Suppose n — 2 and R = Z[z], so that G„(i?) — SL{2,Z[i]), where Z[i] is the 
Gaussian integers. Let denote the 2x2 matrix with a 1 in the {i,j) position 
and zeros elsewhere. For fixed r > 1, e £ {0,1}, and i ^ j , consider the matrices 
Aij,e.r = i+P^i'^Bij S r{G2{R),p^)- Each of these four matrices has infinite order in 
T{G2{R),p^)- Notice that ^i2,o,r and A\2,\,r commute, so they generate a copy of 
r{G2{R),p^)- The same is true for the matrices ^2i,o,r and ^21,1,^- Thus, 
we have embeddings n : Z © Z — > r(G2(i?),p'') and i2 : Z © Z — > r(G2(i?),p'')- 
These embeddings give 

(ZffiZ)*(z©z) r{G2(R),pn — r(G2(i?),p'^)/r(G2(i?),p'^+i) 




where tt is the natural quotient map, $ is the isomorphism defined in the proof of 
Lemma [3.71 and / is the composite. We now consider the cases p = 2 and p > 2 
separately. 



p — 2. Recall that 

i7*(©6F2;F2) ^ ¥2[xi,X2,yi,y2,zuZ2], 
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a polynomial ring in six indeterminates of degree 1, where xi is dual to the image 
of Ai2,o,r, X2 is dual to the image of ^i2,i,r, yi is dual to the image of A2i,o,r, and 
?/2 is dual to the image of ^21,1,^ in r(G2(-R), 2'^)/r(G2(i?), 2''+i). Also, 

iJ*((Z © Z) * (Z e Z); F2) ^ A*(wi, U2; F2) ® A*{wi,w2;¥2), 

where ui is dual to Ai2.o,r, U2 is dual to ^12,1,^! w^i is dual to A2i,o,r) and ^2 is 
dual to A2i,i,r in r(G2(i?), 2''). In particular, notice that 

ij2((z e z) * (z e z); F2) ^¥20 F2, 

generated by the classes u\U2 and ^1^2- 
There are induced maps in cohomology 

H\®q¥2;¥2) W{r{G2{R),2^);¥2) if^((Z Z) * (Z Z);F2) 

iI^((Z0Z)*(Z0Z);F2) 

for which f*{xi) = ui and f*{yi) — Wi for j = 1. Thus, we sec that /* is an 
epimorphism for j = 2, forcing (ii * 12)* to be an epimorphism for j = 2 as well. 
Thus, H^{{Z © Z) * (Z © Z);F2) is a quotient of i/2(r(G2(i?), 2*^); F2), meaning 
F20F2 Cif2(r(G2(i?),2'-);F2). 

p > 2. Recall that 

H* (06Fp; Fp) S A* (a;i , 0:2 , ?/i , y2 , -21 , 2:2 ; F2) O Fp [/3a;i , /3a;2 , , /3y2 , Pzi ,Pz2\, 

the tensor product of an exterior algebra with a polynomial ring. Here, each Xj, y,, 
and Zi is of degree 1 and /3 : iJ^(Fp;Fp) — > H^{¥p;¥p) is the Bockstein homomor- 
phism. Similar to above, xi is dual to the image of Ai2,o,r, X2 is dual to the image 
of A12 1 r, yi is dual to the image of ^2i,o,r, and 2/2 is dual to the image of j42i,i,r 
in r(G2'(i?),p'-)/r(G2(i?),p'-+i). Also, 

H*{{Z © Z) * (Z © Z); Fp) ^ A*(ui, U2; Fp) © A*(«;i, ^2; Fp), 

where ui is dual to Ai2,o,r) ^2 is dual to Ai2,i,r, wi is dual to >l2i,o,r) and UI2 is 
dual to A2i,i,r in r(G2(i?),f)'"). In particular, notice that 

iI^((Z Z) * (Z Z); Fp) ^ Fp Fp, 

generated by the classes U1U2 and wi?x;2- 
There are induced maps in cohomology 

if^(06Fp;Fp) Wir{G2{R),pn;'^p) F^'((Z0Z)*(Z0Z);Fp) 

//•'■((Z0Z)*(Z0Z);Fp) 

for which f*{xi) = Ui and f*{yi) = Wi for j = 1. Thus, we see that /* is an 
epimorphism for j ~ 2, forcing («i * 42)* to be an epimorphism for j = 2 as well. 
Thus, H^{{Z © Z) * (Z © Z);Fp) is a quotient of H^ir{G2{R),p'');¥p), meaning 
Fp 0Fp C H'^{T{G2{R),p''y,¥p). Thus, we have proved the following theorem. 

Theorem 6.1. Suppose R = For all r >1 and for all primes p, 

H^{T{G2{R),p''y,¥p) D Fp0Fp. 
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7. Computing for central extensions of congruence subgroups 

In this section, we use the convention that Tr = r{Gn{R),P^)- Let F[x,y] be 
the free group on two letters, and let K denote the kernel of the abelianization 
map F[x, y] — >■ Z © Z. Specifying elements 9{x), 9{y) £ Tr/Tr+s defines a unique 
homomorphism 9 : F[x,y] — > Tr/Tr+s- We are interested in situations for which 
the extension 

(7.1) 1 > Tr+s-l/^r+s > r,./r,.+s > Tr/Tr+s-l > 1 

is central, and defining a map 9 as above induces a morphism of extensions 

1 > K > F[x,y] > Z©Z > 1 

e e e 

1 > Tr+s-l/^r+s > Tr/Fr+s > Tr/Tr+s-l > 1- 

It's straightforward to determine when the first condition is satisfied. 

Lemma 7.1. For r,s,l > 1, extension ( |7.j[ ) is central if and only if r > I. 

Proof. In the proof of Theorem 13.51 (which is included in Section |9l), we show 
that T {Gn{R) , P^) {Gn{R) , P^^'^) is generated by the matrices {Aij^k,r} and that 
r(G„(i?),p''+''-0/r(G„(i?),p''+^) is generated by the matrices {Aij^k,r+s-i}- A 
straightforward calculation will verify that the following relation is satisfied, where 
[g, h] = g^^h^^gh denotes the group commutator. 

From this, we see that the commutator is trivial in Tr/Tr+s if and only if 2r+s — l > 
r + s. □ 

If Z = 1 and 7' > s — 1, one can check that extension (j7.1|) also satisfies the second 
condition mentioned above. Namely, defining a map 9 : F[x, y\ — > Tr/Tj-^g induces 
a morphism of extensions 

1 > K > F[x,y] > Z©Z > 1 

[' [' [' 

Let X denote the generator of i72(^ffiZ; Z) = Z. Working out the local coefficient 
system in the Lyndon-Hochschild-Scrre spectral sequence for the extension 

1 — > K — > F[x, y] — ^ Z ffi Z — ^ 1, 

one can check that iJo(Z©Z; Hi{K)) = Z, and this group is generated by the class 
of the element [x, y] G K. Since it is known that H2{F[x. y\\1) — 0, it must be the 
case that the differential q is an isomorphism. In other words, d\ q(x) = [x, y]. 

The induced map 6'* on homology induces a map of spectral sequences associated 
to the two extensions. Using naturality, 

dlo{9.{x)) = 0*{dlAx)) = = %{x)My)\. 

Thus, we have the following formula. 
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Theorem 7.2. Suppose r, s > 1, r > s — 1, and a map 9 : F[x, y] — > Tr/Tr+s is 
given. Then 9 induces a morphism of extensions as above, and 

dl^{e.{x))^%{x),9M] 

in the LHS spectral sequence for the extension 

(7.2) 1 r,+,_i/r,+,, Tr/Tr+s r,/r,+,_i i. 

Here, x denotes the generator of H2{1' © Z; Z) = Z. 

Notice that [9^,{x),9^{y)] can be calculated using the Lie algebra structure for 
gr^(r(G„(i?),p)) given in Theorem 14.71 This allows us to compute c?2.o fo'" many 
examples involving central extensions of congruence subgroups. 

Remark. The reader should notice that the formula for the differential d\ g in 
Theorem 17.21 provides information that is dual, in a sense, to the extension class 
characterizing extension (j7.2|) . 

8. Proof of Theorem 13.21 

We adapt the method of the proof of Thcorcm l3.1l as found in TT. Suppose that 
X G r(G„(i?),p''). We can write X = 1 +p^A where 1 denotes the identity matrix 
and A e Mat(n,i?). Define the map (pr ■ r(G'„(i?),p'') — > s[„(Fp[y]) by 

ipr{X) =^ A mod p. 

To show that the image of ipr lies in s(„(Fp[y]), we make use of the fact that 
r(G„(i?),p'~) C SL{n,R). Thus, 

1 = det X 

= det(l + pM) 

= (1 + p'' trace(A)) mod 

Thus, it must be the case that trace(A) = mod p. 
One can check that (fr is a homomorphism directly: 

= {A + B+p''AB) modp 
= {A + B) mod p 

= ipr{l+p''A)+ipr{l+p''B). 

To see that ipr is surjective, we define a basis for s[„(Fp[y]) and show that (pr 
surjects onto this basis. In the proof of Corollarv l3.3[ we defined to be the nxn 
matrix with a 1 in the («, j) position and zeros elsewhere. A quick check will verify 
that a basis for s[„(Fp[y]) is given by {vkeij}i^j U {vk{eii - e„„)}"J'i^ for k € I. 
Further, 

(^^(1 +p'^Vkeij) = VkCij 

and 

so that tfr hits all of the basis elements in s(„(Fp[y]). 

Finally, notice that if X G r(G„(i?),p''+i), we can write X = 1 + p'+^ A = 
1 ^p'ipA) for some A e Mat(n, R). So ipriX) = 0. Conversely, if tpril+p^A) ^ 0, 
it must be the case that A — pB for some B G Mat(n,i?). Thus, 1 +p'^A — 
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l+p'+^B e r(G'„(i?),p^+i). So ker((^r) = r(G„(i?),p''+i). This completes the 
proof of the theorem. 

9. Proof of Theorem 13.51 

We proceed by induction on s. The case s = 1 is Lemma [3771 Suppose that s — 1 
and smaUer cases have been proved. Consider the group extension 

1 )■ Tr+s-l/^r+s > ^r/^r+s > /^r+s-l > 1, 

where we again use the convention that F; ~ r(G'„(i?),p'). By Lemma [3.71 

r.+.-i/r,+, - z/pZ[v], 

SO that |r^+,_i/r.;.+,| =p(«'-i)-l^^l. By induction, 

r,/r,+,_i - z/p^-iz[i/]. 

This imphes that |r,/r,+,| = . ^ p.(n^-i)-|v| _ 

Any element of 0„2_i Z/p*Z[V^] can be written as 

(ail, 0-12, ■ ■ ■ , fliTi, 121, • ■ • , ■ ■ ■ , a„i, . . . , a„_„_i) 

where aij G Z/p'*Z[V"]. Let G 0„2_i Z/p''Z[V"] be the element with a 1 in the 
the («, j) position and zeros elsewhere. Then {wfeCy } for I < i, j < n and i + j < 2n 
is a basis for 0„2_i Z/p*Z[T^]. Consider the map 

e,,, : z/p^z[y] ^ r,/r,+, 

that sends ffeCy n- Aij_k,r, where the family {Aij^k,r} are the generators of Fr/Fr+i 
as defined in Corollary 13.81 

Claim. The group Tr/Tr+s is also generated by the matrices {Aij^k.r}- 

Proof of Claim. We again proceed by induction on s. The case s = 1 is clear. 
Suppose that s — 1 and smaller cases are satisfied. By induction, Tr/Tr+s-i is 
generated by the matrices {^y,fe,, }. Using Corollarv l3.81 Tr+s-i/^r+s is generated 
by the matrices {Aij^k,r+s-i}- But for each i, j, and fc. 

Thus, Fr/Fr+s is generated by the matrices {Aij^k,r}, which completes the proof of 
the claim. 

Once we have this, the reader can check that since r > s > 2, the generators 
of F^/Fr+s commute, so that F^/F^+s is abelian. So Qr,s is a homomorphism 
of abelian groups, which is clearly surjective since Tr/Tr+s is generated by the 
matrices {Aij^k,r}- 

Finally, since | 0„2_i Z/p''Z[y]| = ^ jr^F^+^l, it must also be the 

case that Qr,s is injective, making it an isomorphism. This completes the proof of 
the theorem. 
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10. Proof of Theorem 12.41 

Recall the map 

:r(G„(i?),p'-) ^s[„(Fp[y]) 
defined in Section [5] This induces a well-defined map on the filtration quotients 
: r(G„(i?),p'-)/r(G„(i?),p''+i) ^sl„(Fp[V^]). 

Define a map 

^,®f: r(G„(i?),p'^)/r(G„(i?),p'^+i) — > sl„(Fp[l/]) I 

by 

for Xr E r(G„(i?),p'')/r(G„(i?),p''+^). We can sum these maps, in a sense, to 
obtain a map 

if : gr,(r(G„(i?),p)) sln{¥p[V]) / 

given by 

r>l 

Here, we write X = {Xi,X2, . . .) since 

gr,(r(G„(i?),p)) = 0r(G„(i?),/)/r(G„(i?),/+i). 

To check that ip is surjective, we define a basis for sI„(Fp[y]) (E)Wp I and show 
that ip surjects onto this basis. In Section[8l we defined a basis for s(„(Fp[y]) to 
be {vkeij}i^j U {vkieu — enn)}"Zi ^'^^ k E I. The reader can check that {vkCij 
fji^j U {vk{eii — Cnn) ® t^}7=i for fc e / and r > 1 is a basis for s[„(Fp[y]) (8)^^ /. 
It's clear that 

Furthermore, 

so that p hits all the basis elements in 0[„(Fp[y]) I. 

Since Tp^. was injective for all r > 1 (see the proof of Theorem 13.21 in Section E]), 
it must be the case that p is injective as well. 

Next, we check that </3 is a homomorphism. Suppose X,Y E gr^(r(G„(i?),p)). 
Write X = {Xi,X2, . . .) and F = (Fi, Fa, . . .), where 

Xr^Yr E T{Gn{R).pl/T{Gn{R).p'+^) 
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for r > 1. Since each Tp^ is a homomorphism, we have the following: 

r>l 
r>l 
r>l 
r>\ 

r>l r>l 
r>l r>l 

= ^(X)+^(F). 

Thus, is a homomorphism. 

Finally, we need to show that ip preserves the Lie bracket. Since [X, Y] 
gr*(r(G„(i?),p)), we can write 

[x,Y] = ([x,y]i,[x,y]2,...), 

where [X,Y]r e r(G„(i?),p'-)/r(G„(i?),p''+i). Also, since 

Xr,Yr G r{Gn{R),Pn/r{Gn{R),p'^+^), 

there exist X,.,yr € Mat(n, i?) such that = 1 +p^Xr and y^ = 1 +^''1^. ^ 
have the following: 

^{[X,Y]) = Y,{-^r'»mX,Y]r) 

= ^(^,([x,yw®o 

r>l 

r>l i-\-j—r 

r>l i-\-j=r 

r>l i-\-j—r 

r>l i-\-j—r 

= b(x),^(y)]. 

Thus, 

gr,(r(G„(i?),p)) ^ sln{¥p[V]) / 
as Lie algebras. This completes the proof of the theorem. 
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